MATHS 335 Take-Home Exam #1, Question #4

Here is what I was looking for in question 4: from question 1, we have

)

_ 1)

x3(n) = sexa(n —1)
x4(n) = szxz(n — 1) + sgxe(n —1)

First, show that the substitutions

T (n) _ .1’4(71, + 4) - 34374(n + 3)
0 505152853
T (n) _ 174(71, + 3) - 84264(71 + 2)
! 5152853
2) - 1
22(n) = x4(n + )82§§x4(n—|— )
23(n) = x4(n + 1)53 S4wy(n)

may be used to eliminate xg, x1, 2 and x3. To do this, simply substitute each of these
in turn into the last 4 equations above to get

z4(n+3) — sax4(n + 2) zy(n+3) —sgxa(n+2)  x4(n+3) — sqza(n+2)

515283 50515253 §152S83
ry(n+2) —sqgzq(n+1) < zy(n+2) —sgza(n+1)  x4(n+2) — sqza(n+1)
S$2853 -l S152S3 o S9853
zg(n+1) — s4z4(n) . zg(n+1) — sqz4(n) _ zg(n+1) — s4z4(n)
S3 2 5283 53
z4(n) — saxa(n -1

x4(n) = s3 1(n) = saza( ) + s4x4(n — 1) = x4(n)

53

Since all these equations are true (both sides are trivially equal) these substitutions
eliminate xy through x3, and eliminate the last 4 equations. We are left now with only
the first equation. Make all the substitutions in it, then clear denominators to get

zo(n) =risizr(n—1) + rosexe(n — 1) + r3szxs(n — 1) + rysgza(n — 1)
z4(n+4) - saza(n+3) _ 7’181“(” +2) — sqza(n+1)

80518283 515253
Tan+1) - s4z4(n
s 2a0 1 onz ()
+ 7383 ra(n) - 5;54(71 -1 +148424(n — 1)

xa(n+4) — sgzq(n+3) = 118051 (xa(n +2) — s4z4(n+ 1))
+ ra808182(Ta(n+ 1) — s4x4(n))
+ r380515283(x4(n) — s4x4(n — 1))
+ 1450515283844(n — 1)

1



Now, collect all the terms by index, and put z4(n + 4) on the left-hand-side by itself to
get
xg(n+4) = sgx4(n+3)

+ r1sos1z4(n + 2)

+ (ro808182 — 11508184)x4(n + 1)

+ (r380515283 — T250515284)x4(n)

+ (148081525384 — r38081525354)x4(n — 1)

Re-index and simplify a bit to get

x4(n) = s4x4(n —1)
+ r1808124(n — 2)
+ 5081(r983 — 1184)x4(N — 3)
+ S05152(1383 — 1254) x4 (N0 — 4)

+ 50818283(T484 — 1384) x4 (N — 5)

The last bit is simply an observation to get us from a recurrence relation involving x4(n)
to the same recurrence relation involving x(n). There’s nothing for you to do here.



