
MATHS 345 Möbius Transformation Properties Dr. Jones

Möbius (Fractional Linear) Transformations have two major properties that need to be
proven - conformality and invariance of clines. Let’s do conformality first. We need to
show that angles are preserved. To do this, we recall three facts. First, that

6 pqr = arg(
p− q
r − q

)

Second, that to measure the “angle” between curves, we measure the angle between
their tangent lines at the point of intersection. We need this second idea because Möbius
Transformations do not preserve lines. Finally, we will need the idea from calculus that
tangent lines are limits of secant lines.

So, here’s our plan: let f(z) =
az + b
cz + d

let z be a particular point in C with cz +d 6= 0 and let

θ and ϕ be the directions of two lines from z. Then, points on these two lines are given
by z + teiθ and z + teiϕ, respectively, where t is real. To measure the angle between the
images of these two lines, we need to calculate

lim
t→0

f(z + teiθ)− f(z)
f(z + teiϕ)− f(z)

The argument of this limit will then be the angle between the tangent lines to the curves
which are the images of the original two lines under f .

lim
t→0

f(z + teiθ)− f(z)
f(z + teiϕ)− f(z)

= lim
t→0

a(z+teiθ)+b
c(z+teiθ)+d

− az+b
cz+d

a(z+teiϕ)+b
c(z+teiϕ)+d

− az+b
cz+d

= lim
t→0

(a(z+teiθ)+b)(cz+d)−(az+b)(c(z+teiθ)+d)
(c(z+teiθ)+d)(cz+d)

(a(z+teiϕ)+b)(cz+d)−(az+b)(c(z+teiϕ)+d)
(c(z+teiϕ))(cz+d)

= lim
t→0

(ateiθ(cz + d)− cteiθ(az + b))(cz + d)(c(z + teiϕ) + d)
(ateiϕ(cz + d)− cteiϕ(az + b))(cz + d)(c(z + teiθ) + d)

= lim
t→0

eiθ(a(cz + d)− c(az + b))(c(z + teiϕ) + d)
eiϕ(a(cz + d)− c(az + b))(c(z + teiθ) + d)

=
eiθ(ad− bc)(cz + d)
eiϕ(ad− bc)(cz + d)

= ei(θ−ϕ)

The argument of this limit is, therefore, θ − ϕ which is the same angle as that made
by the original two lines. Thus, f is conformal, except possibly where z = ∞ or where
f(z) = ∞. To show conformality at those places, we need to define what is meant
by “angles at infinity.” The most reasonable thing to do is to simply define the angle
between two curves meeting at infinity to be the angle between the two tangent lines
at zero of the curves produced by composing the two curves with f(z) = 1/z. For
lines, this definition turns out to be the same as measuring the angle between the two
lines at the other place where they meet. With this definition, conformality of Möbius
Transformations at infinity is automatic.
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To show that Möbius Transformations preserve clines, we will show that the equation
Im([z, a, b, c]) = 0 defines a cline, where a, b, c are any three complex numbers and
[z, a, b, c] is the cross ratio. The fact that Möbius Transformations preserve cross ratios
then gives us immediately that they preserve clines. We will prove this in a slightly
different form, namely, that

Im(
αz + β
γz + δ

) = 0

defines a cline. These two forms are equivalent because [z, a, b, c] is a Möbius Transfor-
mation in z.

2iIm(
αz + β
γz + δ

) =
αz + β
γz + δ

− αz + β

γz + δ

=
(αz + β)(γz + δ)− (αz + β)(γz + δ)

(γz + δ)(γz + δ)

Since we are setting this imaginary part to 0, we may work with the numerator only.
So, the equation we are concerned with is

0 = (αz + β)(γz + δ)− (αz + β)(γz + δ)

= zz(αγ −αγ) + z(αδ − γβ) + z(βγ −αδ) + (βδ − βδ)

= 2i|z|2Im(αγ) + 2iIm(z(αδ − γβ)) + 2iIm(βδ)

For convenience now, let z = x+ iy, A = Im(αγ), αδ − γβ = ω = B1 +B2i, C = Im(βδ).
Then, our equation (after dividing by 2i) becomes

0 = A(x2 + y2) + Im(ωz) + C

= A(x2 + y2) + B2x−B1y + C

If A = 0, this is a line and if A 6= 0 this is a circle centered at (−B2/2A,B1/2A).
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