MATHS 345 Circles and Lines in the Complex Plane Dr. Jones

Lines: a line in the complex plane is represented by the general equation

Im(az+5)=0

This, however, may be specialized into a number of more geometrically useful forms,

like the equation of a line through a point zy that makes an angle # with the real axis:

or the equation of a line through two points, z; and z;:
Im (Z %0 ) —0
Z1 — R0

Let’s now calculate the intersection between two lines in general form.

Theorem 1: the lines Im (a2 + 1) = 0 and Im (apz + 2) = 0 intersect in the point

- aqlm Gy — alm Gy
0= Im (041072)

Proof: We will substitute this value into both equations and observe that they are satisfied.
It will suffice to do this for the first equation, since the indicated point is clearly un-

changed if the two equations are interchanged (both numerator and denominator change

sign).
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Next, we will calculate the distance between a point and a line.

Theorem 2: the distance A between a point zy and a line Im (az + 3) = 0 is given by

A — |Im (0420 + ﬁ)|
|af

Proof: We know from Euclidean geometry that the shortest distance from a point
to a line occurs along a line segment perpendicular to the line. The line through z

perpendicular to the given line has equation

Im (i(z - z0)a) = Im (icvz + (—iaezp))

=0

Using Theorem 1, we see that these two lines intersect in

alm (—iazg) — (ia)Im B @lm (—iazg) + ialm 3
Im (icr) - Im (—i|af2)
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and then we calculate that the distance between z; and this intersection point is

A Im (iavzp) — ilm 3 ’
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Circles: a circle centered at zy with radius ry has equation |z — zg| = 7o.
Let’s first calculate the intersection points of a circle with a line.

Theorem 3: The circle |z — 29| = rp and the line Im (az + ) = 0 intersect in the points

e ,
20 — 1T (U) et

where

Im (azp + )
|7

cosf =
provided such a 6 exists.

Proof: Clearly these points are on the circle. We need only verify that they are also on the

indicated line.

Im <a(zo - iroeiw'g—') + ﬁ) =Im (azp+ 3) — Im (iroeﬂg\ao
=Im (azg + ) — rola|Im (ie*?)
=Im (azp + ) — rola/lm (Fsinf + i cos )
= Im (azg + B) — ro|cr| cos O

=0

Next, we will calculate the intersection of two circles.

Theorem 4: The circles |z — zg| = rg and |z — 21| = ry intersect in the points

Z1 — % ;
Zo+T0 (1 0 )6*“’
|21 — 20|

where

— 12+ |21 — 20/?
21021 — 20l

2
r
cosf = -9

Proof: Squaring, expanding and subtracting the two circle equations yields

Z(z1—20) +2(Z1 —20) =18 — 13 — |20/® + |21
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or,

2Re (2(z1 — %)) = 1§ — 1% — |20l* + |21

This can be put into the general form of a line as

Im (z(—i(z1 - %)) +i(rg — 7§ = 20* + [21*)/2) = 0

Using Theorem 3, we get the desired result after noting that

—i| —i(Z1 —Z0)| _ [21—20| _ 21-%
~i(z1 — Z0) Z1—20 |;1—20
and that
13— 13+ |21 — 20/?
21021 — 20l
_rg—ri |z + |2 - 2% - 1%
2rolz1 — 20|
_ 1§ =i+ 121 —|20f* — 2Re (20z1) + 2Re (20%)
2ro|z1 — 20]
_ Re(22(—(2z1 — %)) + (r§ —r§ —[20/* +[21/*))
2ro|z1 — 20|
_ Im (2z0(—i(z1 — 20)) +i(rg —r? — |20 + |21[*))
2rg|z1 — 0|

Summary: Distance from point zy to Im (az + ) =0 is

|Irn (OéZ() + ﬁ)|
||

Intersection of Im (o124 31) =0 and Im (agz + B2) =0 is

oqlm 3y — aplm 34
Im (o)

Intersection of |z — zo| = roy and Im (az + 3) =0 is

. a ,
20 — 1T (L') et
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where

Im (OZZ() + ﬁ)

cosf =
lce|ro

Intersection of |z — 29| =1rp and |z — z1| =11 is

21 — 20 +i0
2o+ 7o <) e
|21 — 20

where

13 —r2 4|21 — 20|

cosf = -9
21|21 — 20|



